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a b s t r a c t
Let G be a connected graph with n ≥ 2 vertices. Let k ≥ 1 be an integer. Suppose that a fire
breaks out at a vertex v of G. A firefighter starts to protect vertices. At each time interval,
the firefighter protects k-vertices not yet on fire. At the end of each time interval, the fire
spreads to all the unprotected vertices that have a neighbour on fire. Let snk(v) denote the
maximum number of vertices in G that the firefighter can save when a fire breaks out at
vertex v. The k-surviving rate ρk(G) of G is defined to be
∑
v∈V (G) snk(v)/n2, which is the
average proportion of saved vertices.
In this paper, we investigate the surviving rate of outerplanar graphs G with n ≥ 2
vertices. The main results are as follows: (1) limn→∞ ρ5(G) = 1; and (2) ρ1(G) ≥ 4381 −
5
3n + 3n2 if n ≥ 8, and ρ1(G) ≥ 13 if n ≥ 2, which improves the result in [L.Cai, W.Wang,
The surviving rate of a graph for the firefighter problem, SIAM J. Discrete Math. 23 (2009)
1814–1826].
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
This paper is motivated by the firefighter problem on a graph introduced by Hartnell at a conference in 1995. Let G be
a connected graph and let v be a vertex of G. In the simplest form of the problem, we suppose that a fire breaks out at v. A
firefighter (or defender) chooses a vertex not yet on fire to protect. Then the firefighter and the fire alternately move on the
graph. Once a vertex has been chosen by the firefighter, it is considered protected or safe from any further moves of the fire.
After the firefighter’s move, the fire makes its move by spreading to all unprotected vertices which are adjacent to a vertex
on fire. The process ends when the fire can no longer spread. The objective of the firefighter is to save themaximum number
of vertices.
We use sn(v) to denote the maximum number of vertices in G that the firefighter can save when a fire breaks out at
vertex v, which can be referred to as the surviving number for v. For a subset X of V (G), let sn(X) =∑v∈X sn(v). Assume G
has n vertices. The surviving rate ρ(G) of G is defined to be the average proportion of vertices that can be saved when a fire
breaks out at one vertex of the graph, that is,
ρ(G) = sn(V (G))
n2
.
An algorithm for determining ρ(G) for two and three dimensional grid graphs are provided in [11]. It is shown in [5] that
a greedy algorithm is a 2-approximation algorithm on trees, that is, the maximum number of vertices saved is never more
than twice the number saved using the greedy algorithm. MacGillivray and Wang [7] proved that for a graph G and integer
k, the problem of determining whether sn(v) ≥ k is NP-complete when restricted to bipartite graphs. Finbow et al. [4]
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proved the above problem is NP-complete even for trees with maximum degree three; however, there is a polynomial time
algorithm for the problem if G is a tree of maximum degree three and v is a vertex of degree two. More recently, King and
MacGillivray [6] proved that the above problem is NP-complete for cubic graphs. For a nice survey of related results the
reader is referred to [3]. Some applications of the firefighter problem in computer science, biology, propagation of viruses,
rumours or epidemics can be seen in [8–10,12].
Let k ≥ 1 be an integer. The k-firefighter problem is the same as the firefighter problem, except that at each move, the
firefighter protects k vertices. We use snk(v) to denote the maximum number of vertices in G that the firefighter can save
when a fire breaks out at vertex v. For a subset X of V (G), let snk(X) =∑v∈X snk(v). The k-surviving rate ρk(G) of G is defined
by
ρk(G) = snk(V (G))n2 .
In particular, ρ1(G) = ρ(G). By definition, it is evident that for any integer k ≥ 1 and a graph G on n vertices, ρk(G) = 0 if
and only if n = 1. Thus, we always assume that n ≥ 2 in the following argument.
The concept of the surviving rate of a graph was first introduced and investigated by Cai and Wang [1]. They proved the
following results:
• ρ1(Tn) ≥ 1−

2
n for a tree Tn with n vertices, implying that limn→∞ ρ(Tn) = 1;
• ρ1(G) ≥ 16 for an outerplanar graph G;
• ρ1(G) ≥ 310 for a Halin graph Gwith at least 5 vertices.
Recall that a Halin graph is a graph formed from a planar embedding of a tree T without 2-vertices and with at least one
vertex of degree greater than 2 by connecting all its leaves by a cycle C that crosses no edges.
Yue and Wang [13] showed that a Halin graph G with n vertices has limn→∞ ρ2(G) = 1. Wang et al. [12] discussed the
surviving rate of some special graphs such as planar graphs, K4-minor free graphs, d-degenerate graphs, planar graphs with
large girth, etc. They proved the following results:
• Almost all graphs have k-surviving rate arbitrarily close to 0;
• ρ1(G) ≥ 235 for planar graphs G of girth at least 9;
• ρ2(G) ≥ 116 for K4-minor free graphs G;
• ρ5(G) ≥ 215 for planar graphs G;
• ρ2d−1(G) ≥ 25d for a d-degenerate graph G.
Recall that a graph G is called d-degenerate if every subgraph H of G contains a vertex of degree at most d in H .
In this paper, we will focus on the the surviving rate of outerplanar graphs G. We shall prove the following:
(i) limn→∞ ρ5(G) = 1;
(ii) ρ1(G) ≥ 4381 − 53n + 3n2 if n ≥ 8; and ρ1(G) ≥ 13 if n ≥ 2.
Note that (ii) improves the result of [1] mentioned above.
2. Preliminary results
An outerplanar graph is a graph which can be embedded in the plane such that all vertices lie on the boundary of some
face. An outerplane graph G is a particular fixed embedding of an outerplanar graph in the plane. We choose one face of G
that contains all vertices to be named the outer face of G, and we call the other faces inner faces. The edges belonging to
the boundary of the outer face are called outer edges and other edges inner edges. Let F(G) denote the set of faces of an
outerplane graph G. For x ∈ V (G)∪ F(G), let d(x) denote the degree of x in G. A vertex or face x is called a k-vertex or k-face if
d(x) = k. A 3-face f with a, b, c as its boundary vertices is denoted by f = [abc]. An outerplanar graph G is called a fan if it
has a vertex of degree |G| − 1, where |G| denotes the number of vertices of G. An outerplanar graph G is said to bemaximal
if G+ xy is not outerplanar for any two nonadjacent vertices x and y. Obviously, every maximal outerplanar graph of order
at least 3 is 2-connected and each of its inner faces is of degree 3.
A rooted tree is a tree with one vertex r chosen as its root. In this paper, a rooted tree is arrayed in layers, with vertices of
distance i to the root arrayed in layer i− 1. For a vertex v in layer i ≥ 2, the neighbour of v in layer i− 1 is its father and all
the neighbours of v in layer i+ 1 are its sons. Vertices in layer i are arrayed from left to right, and are labeled vi1, vi2, . . . , viℓi ,
in such a way that for any j, either vij and v
i
j+1 have the same father, or the father of v
i
j is to the left of the father of v
i
j+1. The
height of a rooted tree is the length of the longest root-to-leaf path.
Given a connected outerplane graph G, we choose a vertex r from which all vertices are arranged on the boundary of
outer face in clockwise order. Calamoneri and Petreschi [2] described a special Breadth First Search procedure for outerplane
graphs, named Ordered Breadth First Tree (OBFT), in which one starts from r in such a way that vertices coming first in the
ordering are visited first. Using their procedure, G can be edge-partitioned into a rooted spanning tree T with r as its root
and a subgraph H with maximum degree ∆(H) ≤ 4, i.e., G = T ∪ H so that E(G) = E(T ) ∪ E(H) and E(T ) ∩ E(H) = ∅.
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Fig. 1. A maximal outerplane graph G.
Fig. 2. An OBFT decomposition of G in Fig. 1 on the initial vertex 1.
Table 1
Surviving rates of maximal outerplane graphs with at most 7 vertices.
Graphs O1 O2 O3 O4 O5 O6 O7 O8 , O10 O9
ρ1 1/3 3/8 11/25 17/36 1/2 5/12 25/49 26/49 23/49
ρ2 2/3 5/8 16/25 2/3 2/3 2/3 34/49 34/49 34/49
Edges in E(T ) and E(H) are called tree-edges and non-tree edges of G, respectively. For a vertex v ∈ V (G), we say that u is a
tree-neighbour of v if uv ∈ E(T ), and a non-tree-neighbour of v if uv ∈ E(H).
In [2], the following result was established:
Lemma 2.1. Every OBFT of a connected outerplane graph G has the following properties:
(1) If vijv
i
k, j < k, is a non-tree edge, then k = j+ 1;
(2) If vijv
i−1
k is a non-tree edge and v
i
j is a son of v
i−1
r , then k = r + 1 and vij is the rightmost son of vi−1r .
By the structural property of a general Breadth First Tree, we conclude that there exist only two kinds of non-tree edges
for each OBFT of a connected outerplane graph, as described in (1) and (2) in Lemma 2.1. We say that T ∪ H is an OBFT
decomposition of G on an initial vertex r .
As an example, an OBFT decomposition T ∪H on the initial vertex 1 of an outerplane graph G in Fig. 1 is depicted in Fig. 2,
where T consists of heavy lines and H consists of broken lines.
Suppose that G is a maximal outerplanar graph embedded in the plane with n ≥ 2 vertices. If n = 2, then G is isomorphic
to the complete graph K2 on two vertices and ρ1(G) = 12 . If 3 ≤ n ≤ 7, all non-isomorphic maximal outerplane graphs
are depicted in Fig. 3. By a close computation, we can get the exact values of ρ1(Oi) and ρ2(Oi) for all i = 1, 2, . . . , 10, see
Table 1.
The following result is a very easy observation:
Lemma 2.2. If H is a spanning subgraph of a graph G, then for any k ≥ 1, ρk(H) ≥ ρk(G).
3. The 5-surviving rate
In this section, we will verify that the 5-surviving rate of outerplanar graphs approaches 1 when the vertex number n
goes to∞. The proof is based on the OBFT decomposition mentioned in Section 2, and a useful technique of long-path and
short-tree in [1].
Lemma 3.1. Let G be a maximal outerplane graph with n ≥ 3 vertices. Let T ∪ H be an OBFT decomposition of G on an initial
vertex r. Suppose that P is a path on k ≥ 2 vertices in the tree T such that r is not the internal vertex of P. Then sn5(P) ≥ (k−2)n.
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Fig. 3. All maximal outerplane graphs with 3 ≤ n ≤ 7 vertices.
Proof. Assume that the vertices of T are arrayed in 1 to I layers from the top down. Let vij denote a vertex lying on the
i-th layer that occupies the j-th position in the left to right order. We note that r = v11 . By definition, we may assume that
P = vqjqvq+1jq+1 · · · vq+k−1jq+k−1 with 1 ≤ q ≤ I − 1. Then T \ E(P) is a forest. For q ≤ l ≤ q + k − 1, let Tl denote the unique
component of T \ E(P) that contains vljl . For q + 1 ≤ l ≤ q + k − 2, let TL(l) and TR(l) denote the left subtree and the right
subtree of Tl, respectively, i.e., Tl = TL(l) ∪ TR(l) and V (TL(l)) ∩ V (TR(l)) = {vljl}.
Suppose that a fire breaks out at a vertex viji ∈ V (P) for q ≤ i ≤ q + k − 1. We want to save all the vertices in
V (G)\(V (Ti) ∪ V (Ti+1)). For p ≥ i + 1, by the structural property of T , all the vertices in V (TL(i) ∪ TL(i+1)) (respectively,
V (TR(i) ∪ TR(i+1))) on the p-th layer occur consecutively in the ordering. Especially, when p ≤ q+ k− 1, V (TL(i) ∪ TL(i+1)) and
V (TR(i) ∪ TR(i+1)) lie on the left side and the right side of the path P , respectively. Assume that
V (TL(i) ∪ TL(i+1)) = {vpap , vpap+1, . . . , vpa′p},
V (TR(i) ∪ TR(i+1)) = {vpbp , vpbp+1, . . . , vpb′p},
where bp ≥ a′p + 1.
Let us now design a defending strategy (DA1), which consists of vertex subsets D(1),D(2), . . . ,where D(t) denotes the
set of vertices that we need to defend in time interval t (≥1).
• D(1) = {vi−1m , vi−1m+1, viji−1, viji+1, vi+1ai+1−1}, where vi−1m is the father of viji ;
• D(2) = {vi+1b′i+1+1, v
i+2
ai+2−1, v
i+2
a′i+2+1
, vi+2ji+2 , v
i+2
bi+2−1};
• D(3) = {vi+2b′i+2+1, v
i+3
ai+3−1, v
i+3
a′i+3+1
, vi+3bi+3−1, v
i+3
b′i+3+1
};
• D(t) = {vi+tai+t−1, vi+ta′i+t+1, v
i+t
bi+t−1, v
i+t
b′i+t+1
} for all t = 4, 5, . . . . . ..
We note that some vertices in D(t)may not exist in T , and we do nothing in this case (Fig. 4).
Claim 1. If the defending strategy (DA1) is applied to defend a fire breaking out at a vertex viji , then the number of saved vertices
is n− |Ti| − |Ti+1|.
Proof. We shall prove that no vertices in V (G)\(V (Ti) ∪ V (Ti+1)) are burnt at each time interval t . We will frequently use
the following helpful facts, which follow immediately from Lemma 2.1:
Fact 1.When the fire came to them-th layer at time interval t , it may only spread to the (m−1)-th and (m+1)-th layers
in time interval t + 1.
Fact 2. If v is a burnt vertex at time interval t , then v can only transfer, at time interval t+1, the fire to its father and sons
along tree-edges in T , and to atmost four non-tree-neighbours along non-tree-edges inH . More precisely, these four possible
non-tree-neighbours are the left neighbour, the right neighbour, the down-left neighbour and the top-right neighbour of v.
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Fig. 4. The defending strategy in the proof of Lemma 3.1. Vertices labelled di are defended in time interval i. Vertex labelled f1 is the source of a fire, and
vertices labelled f2 are burnt in time interval 2.
When t = 1, we defend vi−1m , the father of viji , and four possible non-tree-neighbours vi−1m+1, viji−1, viji+1, and vi+1ai+1−1. So in
time interval 2, the fire spreads only to the sons of viji in T . Thus, all the vertices in V (G)\(V (Ti) ∪ V (Ti+1)) are safe after the
first round.
When t = 2, all the sons of viji in T , especially vi+1ji+1 , are on fire. To prevent the fire from burning the vertices in
V (G)\(V (Ti) ∪ V (Ti+1)), we defend vi+2ji+2 such that the fire cannot spread along P , vi+1b′i+1+1 such that the fire cannot spread
along the right direction of the (i+1)-th layer through a non-tree edge, and vi+2ai+2−1, vi+2a′i+2+1, v
i+2
bi+2−1 such that the fire cannot
spread along the left direction, or the right direction, or the down-left direction of the (i+2)-th layer through non-tree edges.
When t = 3, we defend vi+2b′i+2+1 such that the fire cannot spread along the right direction of the (i+ 2)-th layer through
a non-tree edge, and vi+3ai+3−1, v
i+3
a′i+3+1
, vi+3bi+3−1, v
i+3
b′i+3+1
such that the fire cannot spread along the left direction, or the right
direction, or the down-left direction of the (i+3)-th layer throughnon-tree edges. So all the vertices inV (G)\(V (Ti)∪V (Ti+1))
are safe after the third round.
Assume t ≥ 4 and after the (t − 1)-th round, the fire stops at some layer l− 1, four vertices in D(t − 1) = {vlal−1, vla′l+1,
vlbl−1, v
l
b′l+1
} are defended, and none of the vertices in V (G)\(V (Ti) ∪ V (Ti+1)) is burnt. In time interval t , the fire spreads
to the layer l. We defend the vertices in D(t) = {vl+1al+1−1, vl+1a′l+1+1, v
l+1
bl+1−1, v
l+1
b′l+1+1
}. This means that none of the vertices in
V (G)\(V (Ti) ∪ V (Ti+1)) are burnt after the t-th round. This completes the proof of the claim. 
Since Ti and Tj are vertex-disjoint for any i ≠ j, we derive that
k−1
i=0
(|Ti| + |Ti+1|) =
k−1
i=0
|Ti| +
k−1
i=0
|Ti+1| ≤ n+ n = 2n.
Therefore
sn5(P) =
−
v∈V (P)
sn5(v) ≥
k−1
i=0
(n− |Ti| − Ti+1|)
= kn−
k−1
i=0
(|Ti| + |Ti+1|)
≥ (k− 2)n. 
Lemma 3.2. Let G be a maximal outerplane graph with n ≥ 3 vertices and T ∪ H be an OBFT decomposition of G on an initial
vertex r. If T ′ is the rooted subtree of height h in T , then sn5(T ′) ≥ (n− h− 1)|T ′|.
Proof. Let the vertices of T be arrayed in 1 to I layers from the top down. Let vij denote a vertex lying on the i-th layer that
occupies the j-th position in the left to right order. Then r = v11 . Let T ′ be a rooted subtree of height h in T . Assume that a
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fire breaks out at a vertex v = viji ∈ V (T ′). Our goal is to save all the vertices in V (G)\V (T ′v). For p ≥ i + 1, it follows from
the structural property of T that all the vertices in V (T ′v) occur consecutively on the p-th layer, say v
p
ap , v
p
ap+1, . . . , v
p
a′p .
We define a defending strategy (DA2). Let D∗(t) denote the set of vertices that we need to defend in the time interval
t (≥1). Set
• D∗(1) = {vi−1m , vi−1m+1, viji−1, viji+1, vi+1ai+1−1}, where vi−1m is the father of viji ;
• D∗(2) = {vi+1a′i+1+1, v
i+2
ai+2−1, v
i+2
a′i+2+1
};
• D∗(t) = {vi+tai+t−1, vi+ta′i+t+1} for all t = 3, 4, . . . . . ..
If T = T ′ and the fire breaks out at the root, we only need to defend a son of the root.
If some of the vertices in D(t) do not exist in T , we do nothing in this situation.
Similar to the proof of Claim 1, using (DA2), we can save all the vertices in V (T )\V (T ′v).
Let Si, 0 ≤ i ≤ h, be the set of vertices of height i in T ′. Then for each 0 ≤ i ≤ h, we have∑u∈Si nu ≤ |T ′|, where nu
denotes the number of vertices in Tu. Therefore,
sn5(Si) =
−
u∈Si
(n− nu) ≥ |Si|n− |T ′|,
and hence
sn5(T ′) =
h−
i=0
sn5(Si)
≥
h−
i=0
(|Si|n− |T ′|)
= n
h−
i=0
|Si| −
h−
i=0
|T ′|
= (n− h− 1)|T ′|. 
Now, we begin in stating the main result in this section, i.e., Theorem 3.3, whose proof is very similar to that of Theorem
3.5 in [1]. For the sake of completeness, we present the details.
Theorem 3.3. For a connected outerplanar graph G with n ≥ 2 vertices, ρ5(G) ≥ 1−

2
n .
Proof. The theorem holds obviously if n ≤ 6. Thus, assume that n ≥ 7. By Lemma 2.2, we may further assume that G is a
maximal outerplane graph. Choosing a vertex r ∈ V (G), we give an OBFT decomposition T ∪ H of G, where T is a spanning
rooted tree with r as its root and H is a subgraph with∆(H) ≤ 4.
A long path is a path of length at least
√
2n−1, a short tree is a tree of height at most√2n−2. First we show by induction
on the height of T that T can be partitioned into long paths and short trees. Let P be a longest root-to-leaf path in T . If P
has at most
√
2n − 1 vertices, then the height of T is at most√2n − 2. Therefore T itself is a short tree and we are done.
Otherwise, we delete all vertices of P from T to obtain a forest F . Note that F is a collection of rooted trees, and the choice of
P guarantees that every rooted subtree of any rooted tree in F is also a rooted subtree of T . Furthermore, the height of any
rooted tree in F is one less than that of T . By the induction hypothesis, each rooted tree in F can be partitioned into long
paths and short trees. These partitions and P together give us a required partition of T .
Let P be the set of long paths and T the set of short trees in the partition. If T itself is a short tree, the theorem follows
directly from Lemma 3.2. Otherwise, P is nonempty, and it follows from Lemmas 3.1 and 3.2 that
sn5(G) =
−
P∈P
sn5(P)+
−
T ′∈T
sn5(T ′)
≥
−
P∈P
(|P| − 2)n+
−
T ′∈T
(n− h(T ′)− 1)|T ′|
=
−
P∈P
|P| +
−
T ′∈T
|T ′|

n−
−
P∈P
2n+
−
T ′∈T
(h(T ′)+ 1)|T ′|

≥ n2 −
−
P∈P
2n+
−
T ′∈T
√
2n|T ′|

.
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Since −
P∈P
|P| +
−
T ′∈T
|T ′| = n
and h(T ′) ≤ √2n− 2, the above inequality holds. Let σ =∑P∈P |P|. Then
|P | ≤

σ
⌈√2n⌉

≤ σ√
2n
.
Consequently,
sn5(G) ≥ n2 −

σ√
2n
× 2n+√2n(n− σ)

= n2 −√2nn.
Therefore
ρ5(G) ≥ 1−

2
n
. 
As an immediate consequence of Theorem 3.3, we have the following.
Corollary 3.4. Let G be an outerplanar graph on n vertices. Then limn→∞ ρ5(G) = 1.
4. The 1-surviving rate
It was shown in [1] that ρ1(G) > 16 for any outerplanar graph G. In this section, we will improve this lower bound to that
ρ1(G) ≥ 13 . We note that 13 is tight from Table 1.
Let G be a maximal outerplanar graph with n ≥ 3 vertices. Embed G in the plane such that all vertices v1, v2, . . . , vn
lie on the boundary of outer face in clockwise order. Let C = v1v2 · · · vnv1. Then C is a cycle of length n. For u, v ∈ V (G),
we use CG[u, v] to denote the set of vertices that lie on the path on C from u to v in clockwise direction. Moreover, we set
CG(u, v) = CG[u, v] \ {u, v}, CG[u, v) = CG[u, v] \ {v}, and CG(u, v] = CG[u, v] \ {u}. The subscript Gmay be omitted if there
is no confusion in the context.
Lemma 4.1. Let G be a maximal outerplane graph with n vertices. Let C be the outer face cycle of G in clockwise direction. Then
there is an inner edge uv ∈ E(G) such that both |C(u, v)| and |C(v, u)| are at least ⌊ 13 (n − 1)⌋. Moreover, the result is the best
possible.
Proof. Assume G is a counterexample. Choose an inner edge uv of G such that the difference ||C(u, v)| − |C(v, u)|| is a
minimum. Without loss of generality, assume that |C(u, v)| ≥ |C(v, u)|. Since G is a maximal outerplane graph, there is a
vertex w ∈ C(u, v) such that [uvw] is a 3-face. If |C(u, w)| ≥ ⌊ 13 (n − 1)⌋, then |C(w, u)| ≤ ⌊ 13 (n − 1)⌋ − 1 since G is a
counterexample. As |C(u, v)| > |C(u, w)| and |C(w, u)| > |C(v, u)|, we derive that |C(u, v)| − |C(v, u)| > |C(u, w)| −
|C(w, u)|, contrary to the choice of the inner edge uv. So |C(u, w)| ≤ ⌊ 13 (n− 1)⌋− 1. Similarly, |C(w, v)| ≤ ⌊ 13 (n− 1)⌋− 1.
This leads to the following contradiction:
n− 3 = |C(u, w)| + |C(w, v)| + |C(v, u)| ≤ 3×

1
3
(n− 1)

− 1

≤ n− 4.
The lower bound ⌊ 13 (n− 1)⌋ above is tight: For any integer n ≥ 1, we can construct a maximal outerplane graph Gwith
3n + 3 vertices, in which three special vertices u, v, w lie on the boundary of the outer face in clockwise order and [uwv]
forms an inner face of G and |C(u, w)| = |C(w, v)| = |C(v, u)| = n. It is easy to see that uw, uv and vw are only inner edges
satisfying the lemma. When n = 1, such an outerplanar graph is O6 in Fig. 3. 
The following consequence follows easily from Lemma 4.1:
Corollary 4.2. Let G be a maximal outerplane graph with n vertices. Let C be the outer face cycle of G in clockwise direction. Then
there is an inner edge uv ∈ E(G) such that |C(u, v)| ≥ 13n− 1 and |C(v, u)| ≥ 13n− 1.
Theorem 4.3. If G is a connected outerplanar graph with n ≥ 8 vertices, then
ρ1(G) ≥ 4381 −
5
3n
+ 3
n2
.
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Fig. 5. Outerplane graph Gwith an inner edge uv satisfying Lemma 4.1.
Proof. First we prove a weaker inequality ρ1(G) ≥ 49 − 23n + 1n2 . By Lemma 2.2, we may assume that G is a maximal
outerplanar graph which is embedded in the plane. Let C denote the outer face cycle of G in clockwise direction. We write
simply C(u, v) = CG(u, v), CG[u, v] = CG[u, v], etc. By Corollary 4.2, G has an inner edge uv such that |C(u, v)| ≥ 13n − 1
and |C(v, u)| ≥ 13n − 1. Let |C(u, v)| = 13n + x1 − 1 and |C(v, u)| = 13n + x2 − 1. Then x1, x2 ≥ 0, and since
n − 2 = |C(u, v)| + |C(v, u)| = 13n + 13n + x1 + x2 − 2, we have x1 + x2 = 13n. Since G is maximal, there exists the
unique vertex w ∈ C(u, v) such that [uvw] is a 3-face, and the unique vertex w′ ∈ C(v, u) such that [uvw′] is a 3-face, see
Fig. 5.
Suppose that x ∈ V (G) is an arbitrary vertex and a fire breaks out at x.We consider three possibilities to define a defending
strategy as follows.
Case 1. x ∈ {w,w′}.
First, assume that x = w. Since |C(v, u)| ≥ ⌊ 13 (n − 1)⌋, at least one of |C(v,w′]| and |C[w′, u)|, say |C[w′, u)|, has
the cardinality at least 12⌊ 13 (n − 1)⌋. We protect u first and then w′, so that all the vertices in C[w′, u] are saved. Hence
sn1(w) ≥ 12⌊ 13 (n− 1)⌋ + 1. If x = w′, we have a similar discussion. Consequently,
sn1({w,w′}) = sn1(w)+ sn1(w′) ≥

1
3
(n− 1)

+ 2 ≥ 1
3
n+ 1. (1)
Case 2. x ∈ {u, v}.
If d(u) = n− 1, i.e., G is a fan on n vertices, it is easy to show that sn1(u) = 1 and sn1(v) ≥ 3 as n ≥ 8. If d(v) = n− 1,
then sn1(v) = 1 and sn1(u) ≥ 3 analogously. Otherwise, d(u), d(v) ≤ n − 2, we have sn1(u) ≥ 2 and sn1(v) ≥ 2. Hence
we always have:
sn1({u, v}) = sn1(u)+ sn1(v) ≥ 4. (2)
Case 3. x ∈ C(u, v)\{w} or x ∈ C(v, u)\{w′}.
Assume that x ∈ C(u, v)\{w}. Then x ∈ C(u, w) or x ∈ C(w, v). If x ∈ C(u, w), we protect u first and then v; if
x ∈ C(w, v), we protect v first and then u. It is easy to see that all the vertices in C[v, u] are saved under such a defending
strategy. So sn1(x) ≥ |C[v, u]| = |C(v, u)| + |{u, v}| = 13n + x2 − 1 + 2 = 13n + x2 + 1. Similarly, we can obtain that
sn1(x) ≥ 13n+ x1 + 1 if x ∈ C(v, u). Set
σ1 =

1
3
n+ x1 − 2

1
3
n+ x2 + 1

+

1
3
n+ x2 − 2

1
3
n+ x1 + 1

,
which denotes the sum of the numbers of vertices saved when a fire breaks out at vertices in V (G) \ {u, v, w,w′}. It follows
that
σ1 = 29n
2 +

2
3
n− 1

(x1 + x2)+ 2x1x2 − 23n− 4
≥ 4
9
n2 − n− 4

since x1 + x2 = 13n and x1x2 ≥ 0

. (3)
Therefore sn1(V (G)) ≥ 49n2 − n− 4+ 4+ 13n+ 1 = 49n2 − 23n+ 1, and ρ1(G) ≥ 49 − 23n + 1n2 .
To prove the inequality stated in the theorem, the argument is the same, except that we divide the vertex set into smaller
blocks, which results in more cases.
Let A denote the graph induced by the vertex subset C[u, v], that is A = G[C[u, v]]. Similarly, we define B = G[C[v, u]].
Both A and B are maximal outerplane graphs. By Lemma 4.1, A has an inner edge u1v1 such that |CA(u1, v1)| ≥ ⌊ 13 (|A| − 1)⌋
and |CA(v1, u1)| ≥ ⌊ 13 (|A|−1)⌋. Analogously,Bhas an inner edgeu2v2 such that |CB(u2, v2)| ≥ ⌊ 13 (|B|−1)⌋ and |CB(v2, u2)| ≥
⌊ 13 (|B|− 1)⌋. We assume that u, u1, v1, v, v2, u2 is the order of these six vertices on C in clockwise direction, see Fig. 6. Note
that at most one of u1 and v1 may coincide with u or v. The same conclusion is true for u2 and v2.
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Fig. 6.Maximal outerplane subgraphs A and B.
It is easy to observe that CA(v1, u1) = C(v1, v]∪C[u, u1) and CB(u2, v2) = C(u2, u]∪C[v, v2). Moreover, by Corollary 4.2,
⌊ 13 (|A| − 1)⌋ ≥ ⌊ 13 (⌊ 13 (n− 1)⌋ + 2− 1)⌋ ≥ n9 . Thus, |CA(u1, v1)| ≥ n9 and |CA(v1, u1)| ≥ n9 . Similarly, |CB(u2, v2)| ≥ n9 and|CB(v2, u2)| ≥ n9 . Let |CA(u1, v1)| = n9+y1, |CA(v1, u1)| = n9+y2, |CB(u2, v2)| = n9+y3, and |CB(v2, u2)| = n9+y4. Then yi ≥ 0
for all i = 1, 2, 3, 4. Since u, v ∈ CA(v1, u1) ∩ CB(u2, v2), u1, u2, v1, v2 /∈ CA(u1, v1) ∪ CA(v1, u1) ∪ CB(u2, v2) ∪ CB(v2, u2),
we have n− 4 = |CA(u1, v1)| + |CA(v1, u1)| + |CB(u2, v2)| + |CB(v2, u2)| − 2 = 49n+ y1 + y2 + y3 + y4 − 2, which leads to
y1 + y2 + y3 + y4 = 59n− 2.
Since A is maximal, there is the unique vertex w1 in CA(u1, v1) such that [u1v1w1] is a 3-face. Suppose that a fire breaks
out at a vertex x ∈ CA(u1, v1) \ {w1}. If x ∈ CA(u1, w1), we protect u1 first and then v1; if x ∈ CA(w1, v1), we protect v1 first
and then u1. In any case, all the vertices in C[v1, u1] are saved. Since B is maximal, there is the unique vertexw2 in CB(v2, u2)
such that [u2v2w2] is a 3-face. Similarly, if a fire breaks out at a vertex x ∈ CB(v2, u2) \ {w2}, then all the vertices in C[u2, v2]
are saved.
Compare to the calculation in expression (3), using the strategy above, we saved more vertices. The sum of the numbers
of extra vertices is equal to
σ2 =

1
9
n+ y1 − 1

1
9
n+ y2

+

1
9
n+ y4 − 1

1
9
n+ y3

≥ 7
81
n2 − n+ 2. (4)
(As y1 + y2 + y3 + y4 = 59n− 2 and y1y2, y3y4 ≥ 0.)
Summing (1)–(4), the total number of vertices which can be saved under the defending strategies when a fire breaks out
at vertices in G is at least 781n
2 − n+ 2+ 49n2 − 23n+ 1 = 4381n2 − 53n+ 3. Hence ρ1(G) ≥ 4381 − 53n + 3n2 . 
Theorem 4.3 implies that the 1-surviving rate ρ1(G) of an outerplane graph G is close to 4381 when n is sufficiently large.
Moreover, by applying repeatedly Lemma 4.1 to the subgraphs of A and B, we can save more vertices so that ρ1(G) grows.
However, this increscent amount is very small. By a careful calculation, the best possibility is that ρ1(G) is close to 73126 when
n is sufficiently large. We omit the detail of the proof.
Corollary 4.4. If G is a connected outerplanar graph G with n ≥ 2 vertices, then ρ1(G) ≥ 13 .
Proof. If n ≤ 7, the result follows automatically from Table 1. If n ≥ 8, the result follows from Lemma 4.1. 
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